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Abstract
Starting from metric of general nonextreme stationary axisymmetric black
hole in four-dimensional spacetime, both statistical-mechanical and thermo-
dynamical entropies are studied. First, by means of the “brick wall” model in
which the Dirichlet condition is replaced by a scattering ansatz for the field
functions at the horizon and with the Pauli-Villars regularization scheme, an
expression for the statistical-mechanical entropy arising from the nonmini-
mally coupled scalar fields is obtained. Then, by using the conical singularity
method Mann and Solodukhin’s result for the Kerr-Newman black hole (Phys.
Rev. D54, 3932(1996)) is extended to the general stationary black hole and
nonminimally coupled scalar fields. We last show by comparing the two re-
sults that the statistical-mechanical entropy and one-loop correction to the
thermodynamical entropy are equivalent for coupling ξ ≤ 0. After renormal-
ization, a relation between the two entropies is given.
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I. INTRODUCTION
There are two definitions of entropy of fields on the black hole exterior. One defi-
nition is based on the covariant Euclidean formulation, another one is canonical. The
thermodynamical entropy of a black hole is related to the covariant Euclidean free energy
FE[g, β] = β−1W [g, β] [1], where β is the inverse temperature. Function W [g, β] is given
on Euclidean manifolds with the period β in Euclidean time τ . An alternative approach to
calculate FE is the conical singularities method [2]- [11]. The statistical-mechanical entropy
can be derived from the canonical formulation [1]. The corresponding free energy, FC , can
be defined in term of the one-particle spectrum. One of the ways to calculate FC is “brick
wall” model (BWM) proposed by ’t Hooft [12]. In the model, in order to eliminate diver-
gence which appears due to the infinite growth of the density of states close to the horizon,
’t Hooft introduces a “brick wall” cutoff: a fixed boundary near the event horizon within the
quantum field does not propagate and the Dirichlet boundary condition is imposed on the
boundary. In order to get the correct ξ (coupling constant) dependence for the statistical-
mechanical entropy and obtained the correspondence with the conical singularity method,
Solodukhin [13] introduced a scattering ansatz, i.e., the field function near the event horizon
that describes scattering by the hole with some nontrivial change of phase.
For ordinary thermodynamical systems it is well known that the thermodynamical and
the statistical-mechanical entropies are exactly the same. For the black holes, the study
of the two entropies has attracted much attention recently [1] [12]- [31]. The study was
motivated by attempts to explain the entropy of black holes as the statistical-mechanical
entropy of quantum fields propagating near the event horizon. In Ref. [28] Solodukhin
demonstrated in the two-dimensional example that the thermodynamical entropy of a black
hole coincides with its statistical-mechanical one. In Ref. [13] Solodukhin calculated the
statistical-mechanical entropy for a scalar filed with nonminimally coupling in the four-
dimensional static black hole spacetime and found that for ξ ≤ 0 the result agrees with
one-loop correction to the thermodynamical entropy [6]. Frolov and Fursaev [1] reviewed
studies of the relation between the thermodynamic entropy and the statistical-mechanical
entropy of black holes. They showed that the covariant Euclidean free energy FE and the
canonical free energy FC are equivalent when ones use the ultraviolet regularization [1] for
the general static black holes.
Mann and Solodukhin expected in Ref. [11] that study of the two entropies for the
stationary axisymmetric black hole should provide us with better understanding of the
relationship between the different entropies. It is general opinion that the study of the
quantum entropies for the stationary axisymmetric black hole in four-dimensional spacetime
is an interesting topic and should be investigated deeply. Therefore, much effort has also
been contributed the research in the last years [11] [20] [16] [21]. Mann and Solodukhin [11]
studied thermodynamical entropy of the Kerr-Newman black hole due to a minimally coupled
scalar field by using the conical singularities method. Cognola [20], through the Euclidean
path integral and using a heat kernel and ζ-function regularization scheme, studied the one-
loop contribution to the entropy for a scalar field in the Kerr black hole (he pointed that the
result is valid also for the Kerr-Newman black hole). Unfortunately, the result is in contrast
with the corresponding one obtained by the conical singularities [11].
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Recently, we [32] studied the statistical-mechanical entropy by using the BWM and
with the Pauli-Villars regularization scheme. We showed that one-loop correction to the
thermodynamical entropy and the statistical-mechanical entropy due to the scalar quantum
fields are equivalent for the Kerr-Newman and the Einstein-Maxwell dilaton-axion black
holes. However, at the moment the relation between two entropies for general nonextreme
stationary axisymmetric black hole still remains open. The aim of this paper is to settle the
question for nonextreme case.
The paper is organized as follows: In Sec. II, by using the BWM [13] we deduce a
formula of statistical entropy arising from nonminimally coupled scalar fields in the general
nonextreme stationary axisymmetric black hole spacetime. In sec. III, by means of the
conical singularities method we extend Mann and Solodukhin’s result in Ref. [11] to the
nonminimally coupled scalar fields and the general stationary axisymmetric black hole. Two
results are then compared and a summary is presented in last section. Some calculations
are given in Appendices.
II. STATISTICAL-MECHANICAL ENTROPY OF GENERAL
NONEXTREME STATIONARY AXISYMMETRIC BLACK HOLES
The metric for the general stationary axisymmetric black hole in Boyer-Lindquist coor-
dinates can be expressed as
ds2 = gttdt
2 + grrdr
2 + gtϕdtdϕ+ gθθdθ
2 + gϕϕdϕ
2, (2.1)
where gtt, grr, gtϕ, gθθ and gϕϕ are functions of the coordinates r and θ only. For the
nonextreme case we have relations (see [32] for details)
(
gtt −
g2tϕ
gϕϕ
)
= G1(r, θ)(r − rH), (2.2)
grr = G2(r, θ)(r − rH), (2.3)
grr
(
gtt −
g2tϕ
gϕϕ
)
=
G1(r, θ)
G2(r, θ)
≡ −f(r, θ), (2.4)
where rH represents event horizon, G1(r, θ), G2(r, θ) and f(r, θ) are regular functions on and
outside the event horizon.
We now try to find a general statistical-mechanical entropy expression for the space-
time (2.1). We first seek quantization condition by using the motion equation of the scalar
field and introducing the scattering boundary condition, and then use the condition to
calculate free energy. The statistical-mechanical entropy is obtained by the variation of the
corresponding free energy with respect to the inverse Hawking temperature.
Using the a WKB approximation with
φ = exp[−iEt + imφ+ iW (r, θ)] = exp[−iEt + imφ]ψ(r, θ), (2.5)
and substituting the metric (2.1) into the motion equation of the scalar field with mass µ
and arbitrary coupled to the scalar curvature R
3
1√−g∂µ(
√−ggµν∂νφ)− (µ2 + ξR)φ = 0, (2.6)
We know from discussion in Ref. [32] that the function W (r, θ) can be expressed as
W (r, θ) = ±
∫ r√ −grrgϕϕ
gttgϕϕ − g2tϕ
K(r, θ)dr + c(θ), (2.7)
where
K(r, θ) =
√√√√(E − Ωm)2 +
(
gtt − g
2
tϕ
gϕϕ
)(
m2
gϕϕ
+
p2θ
gθθ
+M2(r, θ)
)
. (2.8)
Then, the function ψ(r, θ) in (2.5) is given by
ψ(r, θ) = exp
[
i
∫ r√ −grrgϕϕ
gttgϕϕ − g2tϕ
K(r, θ)dr
]
+Aexp
[
−i
∫ r√ −grrgϕϕ
gttgϕϕ − g2tϕ
K(r, θ)dr
]
, (2.9)
where the constant A is to be determined with the boundary conditions. In Eq. (2.9)
the amplitude is a slowly varying function and is omitted in writing. At the boundary Σh
staying at a small distance h from the event horizon Σ, Solodukhin’s scattering condition
[13] is shown by
(nµ∂µφ− ξkφ)|Σh = 0, (2.10)
where nµ is vector normal to Σh and k is extrinsic curvature of Σh. For the stationary
axisymmetric black hole (2.1), after setting
nµ = (0,
√
grr, 0, 0), (2.11)
we find the extrinsic curvature can be written as [33]
k =
√
grr
2grrgθθ(gttgϕϕ − g2tϕ)
[
(gttgϕϕ − g2tϕ)
∂gθθ
∂r
+ gttgθθ
∂gϕϕ
∂r
− 2gtϕgθθ ∂gtϕ
∂r
+ gϕϕgθθ
∂gtt
∂r
]
, (2.12)
on the boundary Σh Eq. (2.12) reduces to
k(Σh) ≈

 1
2
√
grr
(
gtt − g
2
tϕ
gϕϕ
) ∂
∂r
(
gtt −
g2tϕ
gϕϕ
)
Σh
. (2.13)
From Eqs. (2.9), (2.13) and (2.10) we have
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

√√√√√−
(
gtt − g
2
tϕ
gϕϕ
)
grr
∂ψ(r, θ)
∂r
− ξ∗ψ(r, θ)


Σh
= 0, (2.14)
where ξ∗ ≡ 2piξ
βH
and βH is the Hawking inverse temperature. Making use of Eq. (2.14) and
another boundary condition φ = 0, for r = rE (rE < rV LS, where rV LS is position of the
velocity of the light surface [16] [21]), after discussion as Solodukhin [13] we find following
quantum condition
2
∫ rE
rH+h
√ −grrgϕϕ
gttgϕϕ − g2tϕ
K(r, θ)dr = νη(K) + πν + 2πn(E,m, pθ, θ), (2.15)
with
η(K) = tan−1
(
2K(h)ξ∗
K(h)2 − ξ∗2
)
, ν = 2ξ. (2.16)
We can separate n(E,m, pθ, θ) into two parts
n(E,m, pθ, θ) = n0(E,m, pθ, θ) + n1(E,m, pθ, θ). (2.17)
From Eqs. (2.15) and (2.16) we find that n0(E,m, pθ, θ) and n1(E,m, pθ, θ) can be respec-
tively expressed as
n0(E,m, pθ) =
1
π
∫
dθ
∫ rE
rH+h
√ −grrgϕϕ
gttgϕϕ − g2tϕ
K(r, θ)dr, (2.18)
n1(E,m, pθ) =
−ν
2π
∫ [
tan−1
(
2K(h)ξ∗
K(h)2 − ξ∗2
)
+ π
]
Σh
dθ. (2.19)
It is shown that n0(E,m, pθ, θ) represents the original ’t Hooft particles [13] [32], and
n1(E,m, pθ, θ) the scattering particles [13].
For an ensemble of states of the scalar field, the free energy can be expressed as
βF =
∫
dm
∫
dpθ
∫
dn(E,m, pθ)ln
[
1− e−β(E−Ω0m)
]
=
∫
dm
∫
dpθ
∫
dn(E + Ω0m,m, pθ)ln
(
1− e−βE
)
= −β
∫
dm
∫
dpθ
∫ n0(E + Ω0m,m, pθ) + n1(E + Ω0m,m, pθ)
eβE − 1 dE
= −β
∫
n0(E) + n1(E)
eβE − 1 dE
= βF0 + βF1, (2.20)
with
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n0(E) =
∫
dm
∫
dpθ
∫
n0(E + Ω0m,m, pθ)
=
1
3π
∫
dθ
∫ rE
rH+h
√
g4
[
E2 +
(
gtt − g
2
tϕ
gϕϕ
)(
1 +
g
ϕϕ2(Ω−Ω0)
2
gttgϕϕ−g2tϕ
)
M2(r, θ)
] 3
2
[(
gtt − g
2
tϕ
gϕϕ
)(
1 +
g
ϕϕ2(Ω−Ω0)
2
gttgϕϕ−g2tϕ
)]2 ,
(2.21)
n1(E) =
∫
dm
∫
dpθ
∫
n1(E + Ω0m,m, pθ)
≈ ν
π
∫
dθ


√
gθθgϕϕ
[
ξ∗K¯ − ξ∗2tan−1
(
K¯
ξ∗
)
+ K¯
2
2
tan−1
(
2ξ∗K¯
K¯2−ξ∗2
)]
(
gtt − g
2
tϕ
gϕϕ
)(
1 +
g
ϕϕ2(Ω−Ω0)
2
gttgϕϕ−g2tϕ
)


Σh
.
(2.22)
Taking the integration r of Eq. (2.21) for Ω0 = ΩH and focusing only on the divergent
contribution at horizon, we find
n0(E) = − 1
2π
∫
dθ

√gθθgϕϕ

2
3
(
EβH
4π
)3
C(r, θ) +M2(r, θ)
(
EβH
4π
)
× ln
(
E2
E2min
)}
rH
− 1
3π
(
βH
4π
)∫
dθ
{√
gθθgϕϕM
2(r, θ)
(
E − E
3
E2min
)}
rH
,
(2.23)
n1(E) =
ν
π
∫
dθ
{
(ξ∗M(r, θ))2
√
gθθgϕϕ
E2min
[
tan−1
(K¯
ξ∗
)
− K¯
ξ∗
− K¯
2
2ξ∗2
tan−1
( 2ξ∗K¯
K¯2 − ξ∗2
)]}
rH
,
(2.24)
where
C(r, θ) =
∂2grr
∂r2
+
3
2
∂grr
∂r
∂ ln f
∂r
− 1
2
∂grr
∂r
(
1
gθθ
∂gθθ
∂r
+
1
gϕϕ
∂gϕϕ
∂r
)
− 2gϕϕ
f
[
∂
∂r
(
gtϕ
gϕϕ
)]2
,
(2.25)
E2min = −M2(rH , θ)
(
gtt − gtϕ2
gϕϕ
)
Σh
,
K¯2 = E2 +
(
gtt −
g2tϕ
gϕϕ
)
Σh
M2(rH , θ). (2.26)
Let use the Pauli-Villars regularization scheme [14] by introducing five regulator fields
{φi, i = 1, ..., 5} of different statistics with masses {µi, i = 1, ..., 5} dependent on the UV
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cutoff [14] and with the same nonminimal coupling {ξi = ξ, i = 0, ..., 5}. If we rewrite the
original scalar field φ = φ0 and µ = µ0, then these fields satisfy Σ
5
i=0△i = 0 and Σ5i=0△iµ2i =
0, where △0 = △3 = △4 = +1 for the commuting fields and △1 = △2 = △5 = −1 for the
anticommuting fields. Since each of the fields makes a contribution to the free energy of Eq.
(2.20), and the total free energy becomes
βF¯ =
5∑
i=0
△iβFi = βF¯0 + βF¯1. (2.27)
Substituting Eqs. (2.20), (2.23), and (2.24) into (2.27) and integrating over E we find
F¯0 = − 1
48
βH
β2
∫
dθ
{√
gθθgϕϕ
}
rH
5∑
i=0
△iM2i (rH , θ)lnM2i (rH , θ)
− 1
2880
β3H
β4
∫
dθ
{√
gθθgϕϕ
[
∂2grr
∂r2
+
3
2
∂grr
∂r
∂ ln f
∂r
− 1
2
∂grr
∂r
(
1
gθθ
∂gθθ
∂r
+
1
gϕϕ
∂gϕϕ
∂r
)
− 2gϕϕ
f
[
∂
∂r
(
gtϕ
gϕϕ
)]2


rH
5∑
i=0
△ilnM2i (rH , θ) (2.28)
F¯1 = −|ξ|
4β
∫
dθ
{√
gθθgϕϕ
}
rH
5∑
i=0
△iM2i (rH , θ)lnM2i (rH , θ), (2.29)
where M2i (rH , θ) = µ
2
i −
(
1
6
− ξ
)
R. The total entropy at the Hawking temperature 1
β
= 1
βH
is given by
SSM =
[
β2
∂F¯
∂β
]
β=βH
=
[
β2
∂(F¯0 + F¯1)
∂β
]
β=βH
=
1
4
(
1
6
+ |ξ|
)∫
dθ
{√
gθθgϕϕ
}
rH
5∑
i=0
△iM2i (rH , θ)lnM2i (rH , θ)
+
1
720
∫
dθ
{√
gθθgϕϕ
[
∂2grr
∂r2
+
3
2
∂grr
∂r
∂ ln f
∂r
− 1
2
∂grr
∂r
(
1
gθθ
∂gθθ
∂r
+
1
gϕϕ
∂gϕϕ
∂r
)
− 2gϕϕ
f
[
∂
∂r
(
gtϕ
gϕϕ
)]2


rH
5∑
i=0
△ilnM2i (rH , θ).
(2.30)
Using the assumption that the scalar curvature at the horizon is much smaller than
each µi and noting that the area of the event horizon can be expressed as AΣ =∫
dϕ
∫
dθ
{√
gθθgϕϕ
}
rH
, we obtain following expression
SSM =
AΣ
48π
(1 + 6|ξ|)
5∑
i=0
△iµ2i lnµ2i +
{
− 1
8π
(
1
6
+ |ξ|
)(
1
6
− ξ
)∫
dϕdθ
(
R
√
gθθgϕϕ
)
rH
7
+
∫
dϕdθ
[√
gθθgϕϕ
1440π
(
∂2grr
∂r2
+
3
2
∂grr
∂r
∂ ln f
∂r
− 1
2
∂grr
∂r
(
1
gθθ
∂gθθ
∂r
+
1
gϕϕ
∂gϕϕ
∂r
)
−2gϕϕ
f
[
∂
∂r
(
gtϕ
gϕϕ
)]2


rH


5∑
i=0
△ilnµ2i . (2.31)
If we set ξ = 0 we known that Eq. (2.31) gives result of the Ref. [32].
The main aim of this paper is to seek the relation between the statistical-mechanical and
the thermodynamical entropies. In order to do that, we will cast result (2.31) into another
form. In appendix A we proved
∂
2grr
∂r2
+
3
2
∂grr
∂r
∂ ln f
∂r
− 1
2
∂grr
∂r
(
1
gθθ
∂gθθ
∂r
+
1
gϕϕ
∂gϕϕ
∂r
)
− 2gϕϕ
f
[
∂
∂r
(
gtϕ
gϕϕ
)]2

rH
= Raa(rH , θ)− 2Rabab(rH , θ), (2.32)
where Raa =
∑2
a=1Rµνn
µ
an
ν
a, Rabab =
∑2
a,b=1Rµνλρn
µ
an
ν
bn
λ
an
ρ
b are the projections of the
curvature onto the subspace normal to the horizon surface and {nµa , a = 1, 2} (see Eq. (A1)
in Appendix A) are a pair of vectors orthogonal to the event horizon Σ. From (2.32) we
know that Eq. (2.31) can be rewritten as
SSM =
AΣ
48π
(1 + 6|ξ|)
5∑
i=0
△iµ2i lnµ2i +
{
− 1
8π
(
1
6
+ |ξ|
)(
1
6
− ξ
)∫
Σ
R
+
∫
Σ

 1
1440π

 2∑
a=1
Rµνn
µ
an
ν
a − 2
2∑
a,b=1
Rµνλρn
µ
an
ν
bn
λ
an
ρ
b






5∑
i=0
△ilnµ2i . (2.33)
This is the expression of the statistical-mechanical entropy arising from the nonminimally
coupled scalar fields in the four-dimensional nonextreme stationary axisymmetric black hole.
It is of interest to note that Eq. (2.33) possesses same form as the corresponding result of
the static black hole [13].
III. THERMODYNAMICAL ENTROPY OF THE NONEXTREME
STATIONARY AXISYMMETRIC BLACK HOLES
Mann and Solodukhin [11] showed that an Euclidean manifold which is obtained by
Wick rotation of the Kerr-Newman geometry has a conical singularity. By using the conical
singularities method they obtained the tree-level thermodynamical entropy STD(GB, c
i
B) and
its one-loop quantum corrections STDdiv for the Kerr-Newman black hole due to minimally
coupled scalar field. Which are respectively given by
STD(GB, c
i
B) =
AΣ
4GB
− 8π
∫
Σ
[(
c1BR +
c2B
2
2∑
a=1
Rµνn
µ
i n
ν
i
+ c3B
2∑
a,b=1
Rµναβn
µ
i n
ν
jn
α
i n
β
j



 , (3.1)
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STDdiv =
AΣ
48πǫ2
+

 1144π
∫
Σ
R− 1
45
1
16π
∫
Σ

 2∑
a=1
Rµνn
µ
i n
ν
i − 2
2∑
a,b=1
Rµναβn
µ
i n
ν
jn
α
i n
β
j


− 1
90
1
16π
∫
Σ
(KaKa) +
1
24π
(
λ1 − λ2
30
) ∫
Σ
(KaKa − 2tr(K.K))
}
ln
L
ǫ
, (3.2)
where GB, c
i
B, (i = 1, 2, 3) represent bare constants (tree-level), K
a
µν = −γαµγβν∇αnaβ is the
extrinsic curvature, and Ka = gµνKaµν is the trace of the extrinsic curvature [11]. We find
that all terms which relate to the extrinsic curvature in result (3.2) are equal to zero if one
insert the Kerr-Newman metric [11] (or the Einstein-Maxwell dilaton-axion metric [27]) into
them.
Now we proceed to extend the one-loop quantum correction (3.2) to nonminimally cou-
pled scalar fields for the general nonextreme stationary axisymmetric black hole.
In order to cast the metric (2.1) into Mann-Solodukhin’s form [11], we define a pair of
vectors as follows
K = (1, 0, 0, Ω˜), K˜ = (F, 0, 0, 1). (3.3)
with
F = −gtϕ + Ω˜gϕϕ
gtt + Ω˜gtϕ
, (3.4)
Ω˜ =
gtt
√
g2tϕ − gttgϕϕ + gttgθθsin2θ
gttgϕϕ − g2tϕ − gtϕ
√
g2tϕ − gttgϕϕ + gttgθθsin2θ
. (3.5)
we find in the region rH ≤ r < ∞ that F = asin2θ and Ω˜ = ar2+a2 for the Kerr and the
Kerr-Newman black holes, and F = asin2θ and Ω˜ = a
r2−2dr+a2
for the Einstein-Maxwell
dilaton-axion black hole. In general , on the event horizon, Ω˜(rH) = ΩH = −
(
gtϕ
gϕϕ
)
rH
, where
ΩH is the angular velocity of the horizon. We can prove that K and K˜ are a pair of the
Killing vectors on the horizon. What we need in following is just the properties of the vectors
K and K˜ near the event horizon.
The one forms dual to K and K˜ are respectively given by
ω =
(
1
1− Ω˜F , 0, 0, −
F
1 − Ω˜F
)
, ω˜ =
(
− Ω˜
1 − Ω˜F , 0, 0,
1
1− Ω˜F
)
. (3.6)
Thus, the metric (2.1) can be written as
ds2 =
(
gtt + 2Ω˜gtϕ + Ω˜
2gϕϕ
)
ω2 + grrdr
2 + gθθ
(
dθ2 + sin2θω˜2
)
. (3.7)
Euclideanize the metric by setting t = iτ , Ω˜ = iΩˆ, and F = iFˆ , then the Euclidean vectors
(3.3) and the corresponding one-forms (3.6) take the form
K = (1, 0, 0, −Ωˆ), K˜ = (Fˆ , 0, 0, 1). (3.8)
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ω =
(
1
1 + ΩˆFˆ
, 0, 0, − Fˆ
1 + ΩˆFˆ
)
, ω˜ =
(
Ωˆ
1 + ΩˆFˆ
, 0, 0,
1
1 + ΩˆFˆ
)
. (3.9)
The metric (3.7) becomes
ds2 = Hˆ(r, θ)(r − rˆH)
(
dτ − Fˆ dϕ
)2
+
1
Gˆ2(r, θ)(r − rˆH)
dr2
+ gˆθθ
(
dθ2 + sin2θω˜2
)
, (3.10)
with
Hˆ(r, θ)(r − rˆH) ≡ gˆtt + 2Ωˆgˆtϕ + Ωˆ
2gˆϕϕ
(1 + ΩˆFˆ )2
.
It is useful to introduce a new variable
(r − rˆH) = x
2
4
,
up to term o(x2) the metric (3.10) can be expressed as
ds2 =
1
Gˆ2(rˆH , θ)
ds2c2 + ds
2
Σ, (3.11)
with
ds2c2 = dx
2 +
Hˆ(rˆH , θ)Gˆ2(rˆH , θ)x
2
4
(
dτ − Fˆ (rˆH , θ)dϕ
)2
, (3.12)
ds2Σ = gˆθθ
(
dθ2 + sin2θω˜2
)
, (3.13)
Introducing new angle coordinate dχ = βH
β
√
4
HˆGˆ2
(
dτ − Fˆ dϕ
)
, Eq. (3.12) reads
ds2c2α = dx
2 + α2x2dχ2, (3.14)
From Euclidean metric (3.10) we can define a pair of vectors orthogonal to the horizon
nµ1 = (0,
√
gˆrr, 0, 0),
nµ2 =

 1√
gˆtt + 2Ω˜gˆtϕ + Ωˆ2gˆϕϕ
, 0, 0,
Ωˆ√
gˆtt + 2Ωˆgˆtϕ + Ωˆ2gˆϕϕ

 , (3.15)
n1µ =
(
0,
1√
gˆrr
, 0, 0
)
,
n2µ =


√
gˆtt + 2Ωˆgˆtϕ + Ωˆ2gˆϕϕ
1 + ΩˆFˆ
, 0, 0, − Fˆ
√
gˆtt + 2Ωˆgˆtϕ + Ωˆ2gˆϕϕ
1 + ΩˆFˆ

 . (3.16)
It is helpful to note that Eqs. (3.13), (3.11), (3.14), (3.15) and (3.16) take the similar
form as Eqs. (2.8), (2.9), (3.1), (A1,A2) and (A3, A4) in Ref. [11], respectively. Therefore,
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the discussions for the general nonextreme stationary black hole (2.1) is parallel with that
for the Kerr-Newman black hole [11].
Following Solodukhin’s [6] and Mann and Solodukhin’s [11] discussions, and employing
the results obtained in Appendix B(
KaKa
)
rH
= 0,[
tr(K.K)
]
rH
=
(
KaµνK
µν
a
)
rH
= 0, (3.17)
we obtain one-loop quantum correction to the thermodynamical entropy arising from the
nonminimally coupled scalar field for the general nonextreme stationary axisymmetric black
hole as follows
STDdiv =
AΣ
8πǫ2
(
1
6
− ξ
)
+
{
1
4π
(
1
6
− ξ
)2 ∫
Σ
R
− 1
45
1
16π
∫
Σ

 2∑
a=1
Rµνn
µ
an
ν
a − 2
2∑
a,b=1
Rµνλρn
µ
an
ν
bn
λ
an
ρ
b



 lnLǫ . (3.18)
The expressions (3.17) and (3.18) has been backed to real values of the parameters t, Ω˜ and
F . It is of interest to note that for the general nonextreme stationary axisymmetric black
hole the contributions of the quadratic combinations of the extrinsic curvature of the horizon
to the entropy, as for the Kerr-Newman black hole [11], are zero when we define a pair of
vectors orthogonal to the horizon Σ and dual to one-forms. Therefore, the logarithmically
divergent part of the result (3.18) depends only on projections of the curvature onto subspace
normal to the horizon as the static black hole does.
IV. SUMMARY AND DISCUSSION
Since the Pauli-Villars regularization scheme causes a factor −1
2
in second part in the
Eq. (2.33), we know from above discussions that the statistical-mechanical entropy (2.33)
coincides with the one-loop quantum correction to thermodynamical entropy (3.18) for ξ ≤ 0
coupling.
We now seek for relation between the statistical-mechanical entropy of quantum exci-
tations of the stationary axisymmetric black hole and its thermodynamical entropy. We
first renormalize the thermodynamical entropy by using standard approach [34] [6] [14] [1].
Combing the tree-level entropy (3.1) with one-loop correction (3.18) one find that the diver-
gence can be absorbed in the renormalization of the coupling constants
1
Gren
=
1
GB
+
1
2πǫ2
(
1
6
− ξ
)
,
c1ren = c
1
B −
1
32π2
(
1
6
− ξ
)2
ln
L
ǫ
,
c2ren = c
2
B +
1
32π2
1
90
ln
L
ǫ
,
c3ren = c
3
B −
1
32π2
1
90
ln
L
ǫ
. (4.1)
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From Eqs. (3.1), (3.18) and (4.1) we have
STD(Gren, c
i
ren) = S
TD(GB, c
i
B) + S
TD
div
=
AΣ
4Gren
− 8π
∫
Σ

c1renR + c
2
ren
2
2∑
a=1
Rµνn
µ
i n
ν
i + c
3
ren
2∑
a,b=1
Rµναβn
µ
i n
ν
jn
α
i n
β
j

 . (4.2)
Since we considered the case that terms quadratic in curvature are preserved in the renor-
malized action, the black hole entropy can be expressed as(see Refs. [35]- [38])
SBH(Gren, c
i
ren) = S
TD(Gren, c
i
ren),
SBH(GB, c
i
B) = S
TD(GB, c
i
B), (4.3)
and the Bekenstein-Hawking entropy is
SBH =
AΣ
4Gren
. (4.4)
Noting STDdiv = S
SM for ξ ≤ 0, we obtain for ξ ≤ 0 the relation
SBH(Gren, c
i
ren) = S
BH(GB, c
i
B) + S
SM , (4.5)
which agrees the static black hole results shown in Refs. [14] [10] [39] [5] [40]. It is shown
that the presence of the bare pure geometrical contribution SBH(GB, c
i
B) evidently excludes
the possibility to identify SBH(Gren, c
i
ren) with S
SM .
In conclusion, on the one hand by means of the BWM in which the original Dirichlet
condition was replaced by a scattering ansatz for the field functions at the event horizon
and with the Pauli-Villars regularization scheme, the statistical-mechanical entropy arising
from the nonminimally coupled scalar fields which rotate with the angular velocity Ω0 = ΩH
in the general four-dimensional nonextreme stationary axisymmetric black hole space-time
is studied. The result can be expressed as either Eq. (2.31) or Eq. (2.33).
On the other hand by using the conical singularities method we extend Mann and Solo-
dukhin’s result for the Kerr-Newman black hole [11] to the general nonextreme stationary
axisymmetric black hole and the nonminimally coupled scalar field. Nevertheless, we find
that the logarithmically part in Eq. (3.18) depends only on projections of the curvature
onto subspace normal to the horizon since the contributions of the quadratic combinations
of the extrinsic curvature of the horizon are zero when we define a pair of vectors orthogonal
to the event horizon Σ and dual to one-forms.
By comparing the statistical-mechanical entropy (2.33) and the thermodynamical en-
tropy (3.18) we show that, for the general nonextreme stationary axisymmetric black hole,
the statistical mechanical entropy and the one-loop correction to the thermodynamic entropy
are equivalent for the coupling ξ ≤ 0. It is an interesting result that the entropies possesses
the same form as static black hole does [6] if we express the entropy with the projections of
the curvature onto subspace normal to the horizon.
Combing the tree-level entropy (3.1) with one-loop correction (3.18), the divergence
can be absorbed in the renormalization of the gravitational and coupling constants. After
renormalized with standard scheme, a relation between the statistical-mechanical entropy
of quantum excitations of the nonextreme stationary axisymmetric black hole and its ther-
modynamical entropy for the case ξ ≤ 0 is obtained. The relation agrees the results for the
static black hole and fills in the gaps mentioned in Ref. [1].
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APPENDIX A: PROJECTIONS OF THE CURVATURE ONTO
THE SUBSPACE NORMAL TO THE HORIZON SURFACE
From vectors (3.3), dual vectors (3.6) and metric (3.7), we can define a pair of orthonor-
mal vectors
nµ1 = (0,
√
grr, 0, 0),
nµ2 =

 1√
−(gtt + 2Ω˜gtϕ + Ω˜2gϕϕ)
, 0, 0,
Ω˜√
−(gtt + 2Ω˜gtϕ + Ω˜2gϕϕ)

 ,
(A1)
n1µ =
(
0,
1√
grr
, 0, 0
)
,
n2µ =


√
−(gtt + 2Ω˜gtϕ + Ω˜2gϕϕ)
1− Ω˜F , 0, 0, −
F
√
−(gtt + 2Ω˜gtϕ + Ω˜2gϕϕ)
1− Ω˜F

 .
(A2)
After tediously calculation, the projections of the curvature onto the subspace normal to
the horizon surface
Raa =
2∑
a=1
Rµνn
µ
an
ν
a, Rabab =
2∑
a=1
Rµνλρn
µ
an
ν
bn
λ
an
ρ
b , (A3)
can be expressed by using the metric as
Raa(rH , θ) =

 g2tϕ
fg3ϕϕ
(
∂gϕϕ
∂r
)2
− 2gtϕ
fg2ϕϕ
∂gϕϕ
∂r
∂gtϕ
∂r
+
1
fgϕϕ
(
∂gtϕ
∂r
)2
−3
2
∂lnf
∂r
∂grr
∂r
− 1
2gθθ
∂gθθ
∂r
∂grr
∂r
− 1
2gϕϕ
∂gϕϕ
∂r
∂grr
∂r
− ∂
2grr
∂r2
]
rH
. (A4)
Rabab(rH , θ) =
1
f

 3g2tϕ
2g3ϕϕ
(
∂gϕϕ
∂r
)2
− 3gtϕ
g2ϕϕ
∂gϕϕ
∂r
∂gtϕ
∂r
+
3
2gϕϕ
(
∂gtϕ
∂r
)2
− 3
2
∂f
∂r
∂grr
∂r
− f ∂
2grr
∂r2


rH
. (A5)
Eqs. (A4) and (A5) yield
Rnn(rH , θ)− 2Rmnmn(rH , θ) =
∂
2grr
∂r2
+
3
2
∂grr
∂r
∂ ln f
∂r
− 1
2
∂grr
∂r
(
1
gθθ
∂gθθ
∂r
+
1
gϕϕ
∂gϕϕ
∂r
)
− 2gϕϕ
f
[
∂
∂r
(
gtϕ
gϕϕ
)]2

rH
.
(A6)
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APPENDIX B: EXTRINSIC GEOMETRY OF THE HORIZON
Using the vectors n1 and n2 defined by Eqs. (A1) and (A2) we can introduce induced
metric
γµν = gµν − n1µn1ν − n2µn2ν . (B1)
The nonzero components of the induced metric are
γtt =
g2tϕ
gϕϕ
− fgrr + fHg
rr(
1 + Ω˜(gtϕ+gϕϕΩ˜)
g2tϕ/gϕϕ−fg
rr+gtϕΩ˜
)2 ,
γtϕ = gtϕ +
(fgϕϕHg
rr(gtϕ + gϕϕΩ˜)(−g2tϕ + fgϕϕgrr − gϕϕgtϕΩ˜))
(−g2tϕ + fgϕϕgrr − 2gϕϕgtϕΩ˜− g2ϕϕΩ˜2)2
,
γθθ = gθθ,
γϕϕ = gϕϕ +
(fg2ϕϕHg
rr(gtϕ + gϕϕΩ˜)
2
(−g2tϕ + fgϕϕgrr − 2gϕϕgtϕΩ˜− g2ϕϕΩ˜2)2
. (B2)
where H =
(
1 + gϕϕ(Ω−Ω˜)
2
gttgϕϕ−g2tϕ
)
, and Ω = − gtϕ
gϕϕ
. With respect to the normal vectors naµ, (a =
1, 2) we define the extrinsic curvature kaµν = −γαµγβν∇αnaβ. The nonzero components of the
extrinsic curvature can be expressed as
K1tt = −
Ω˜2(g2tϕ − fgϕϕgrr + gϕϕgtϕΩ˜)2
2f 2g2ϕϕH
2(grr)3/2
∂gϕϕ
∂r
+
Ω˜(−g2tϕ + fgϕϕgrr − gϕϕgtϕΩ˜)(g2tϕ − fgϕϕgrr + fgϕϕHgrr + gϕϕgtϕΩ˜)
f 2g2ϕϕH
2(grr)3/2
∂gtϕ
∂r
+
(g2tϕ − fgϕϕgrr + fgϕϕHgrr + gϕϕgtϕΩ˜)2
2f 2g4ϕϕH
2(grr)3/2
×
(
g2ϕϕg
rr∂f
∂r
+ g2tϕ
∂gϕϕ
∂r
− 2gϕϕgtϕ∂gtϕ
∂r
+ fg2ϕϕ
∂grr
∂r
)
,
K1tϕ = −
Ω˜(g2tϕ − fgϕϕgrr + gϕϕgtϕΩ˜)(fHgrr + gtϕΩ˜ + gϕϕΩ˜2)
2f 2gϕϕH2(grr)3/2
∂gϕϕ
∂r
− Ω˜(gtϕ + gϕϕΩ˜)(g
2
tϕ − fgϕϕgrr + gϕϕgtϕΩ˜)
2f 2gϕϕH2(grr)3/2
∂gtϕ
∂r
+
(−g2tϕ + fgϕϕgrr − fgϕϕHgrr − gϕϕgtϕΩ˜)(fHgrr + gtϕΩ˜ + gϕϕΩ˜2)
2f 2gϕϕH2(grr)3/2
∂gtϕ
∂r
+
(gtϕ + gϕϕΩ˜)(g
2
tϕ − fgϕϕgrr + fgϕϕHgrr + gϕϕgtϕΩ˜)
2f 2g3ϕϕH
2(grr)3/2
×
(
g2ϕϕg
rr∂f
∂r
+ g2tϕ
∂gϕϕ
∂r
− 2gϕϕgtϕ∂gtϕ
∂r
+ fg2ϕϕ
∂grr
∂r
)
,
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K1θθ = −
√
grr
2
∂gθθ
∂r
,
K1ϕϕ = −
(fHgrr + gtϕΩ˜ + gϕϕΩ˜
2)2
f 2H2(grr)3/2
[
1
2
∂gϕϕ
∂r
+
(gtϕ + gϕϕΩ˜)
(fHgrr + gtϕΩ˜ + gϕϕΩ˜2)
∂gtϕ
∂r
]
+(gtϕ + gϕϕΩ˜)
2

grr∂f
∂r
+
g2tϕ
g2ϕϕ
∂gϕϕ
∂r
− 2gtϕ
gϕϕ
∂gtϕ
∂r
+ f ∂g
rr
∂r

 1
2f 2H2(grr)3/2
,
(B3)
K2tθ =
(−fHgrr)1/2Ω˜(−g2tϕ + fgϕϕgrr − gϕϕgtϕΩ˜)
2fHgrr(−g2tϕ + fgϕϕgrr − 2gϕϕgtϕΩ˜− g2ϕϕΩ˜2)
(Ω˜
∂gϕϕ
∂θ
+
∂gtϕ
∂θ
)
+ ((−fHgrr)1/2(g2tϕ − fgϕϕgrr + fgϕϕHgrr + gϕϕgtϕΩ˜)
× (g
2
ϕϕg
rr ∂f
∂θ
+ g2tϕ
∂gϕϕ
∂θ
− 2gϕϕgtϕ ∂gtϕ∂θ − g2ϕϕΩ˜∂gtϕ∂θ + fg2ϕϕ ∂g
rr
∂θ
)
2fg2ϕϕHg
rr(−g2tϕ + fgϕϕgrr − 2gϕϕgtϕΩ˜− g2ϕϕΩ˜2)
,
K2ϕθ =
gϕϕ(−fHgrr)1/2(fHgrr + gtϕΩ˜ + gϕϕΩ˜2)
2fHgrr(g2tϕ − fgϕϕgrr + 2gϕϕgtϕΩ˜ + g2ϕϕΩ˜2)
(
Ω˜
∂gϕϕ
∂θ
+
∂gtϕ
∂θ
)
−
[
(−fHgrr)−1/2(gtϕ + gϕϕΩ˜)
(
g2ϕϕg
rr∂f
∂θ
+ g2tϕ
∂gϕϕ
∂ϕ
− 2gϕϕgtϕ∂gtϕ
∂θ
− g2ϕϕΩ˜
∂gtϕ
∂θ
+ fg2ϕϕ
∂grr
∂θ
)]
1
2gϕϕ(−g2tϕ + fgϕϕgrr − 2gϕϕgtϕΩ˜− g2ϕϕΩ˜2)
.
(B4)
And the contravariant quantities are given by
Ktt1 =
(
g2ϕϕg
rr∂f
∂r
− 2g2ϕϕHgrr
∂f
∂r
+ g2ϕϕH
2grr
∂f
∂r
+ g2tϕ
∂gϕϕ
∂r
− 2g2tϕH
∂gϕϕ
∂r
− 2gϕϕgtϕHΩ˜∂gϕϕ
∂r
− g2ϕϕΩ˜2
∂gϕϕ
∂r
− 2gϕϕgtϕ∂gtϕ
∂r
(1−H)− 2g2ϕϕΩ˜
∂gtϕ
∂r
+ 2g2ϕϕHΩ˜
∂gtϕ
∂r
+ fg2ϕϕ
∂grr
∂r
(1−H)2
)
/(2f 2g2ϕϕH
2(grr)3/2),
Ktϕ1 =
(
g2ϕϕgtϕHg
rr∂f
∂r
− g2ϕϕgtϕH2grr
∂f
∂r
+ g3ϕϕg
rrΩ˜
∂f
∂r
(1−H) + g3tϕH
∂gϕϕ
∂r
− fgϕϕgtϕH2grr∂gϕϕ
∂r
+ gϕϕg
2
tϕΩ˜
∂gϕϕ
∂r
− fg2ϕϕHgrrΩ˜
∂gϕϕ
∂r
− g2ϕϕgtϕHΩ˜2
∂gϕϕ
∂r
− g3ϕϕΩ˜3
∂gϕϕ
∂r
− gϕϕg2tϕH
∂gtϕ
∂r
− fg2ϕϕHgrr
∂gtϕ
∂r
+ fg2ϕϕH
2grr
∂gtϕ
∂r
− 2g2ϕϕgtϕΩ˜
∂gtϕ
∂r
− 2g3ϕϕΩ˜2
∂gtϕ
∂r
+ g3ϕϕHΩ˜
2∂gtϕ
∂r
+ fg2ϕϕgtϕH
∂grr
∂r
(1−H)
+ fg3ϕϕΩ˜
∂grr
∂r
− fg3ϕϕHΩ˜
∂grr
∂r
)
/(2f 2g3ϕϕH
2(grr)3/2),
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Kθθ1 = −
(
(grr)1/2
∂gθθ
∂r
)
/(2g2θθ),
Kϕϕ1 =
(
gϕϕg
2
tϕH
2grr
∂f
∂r
+ 2g2ϕϕgtϕHg
rrΩ˜
∂f
∂r
+ g3ϕϕg
rrΩ˜2
∂f
∂r
+ 2fg2tϕH
2grr
∂gϕϕ
∂r
− f 2gϕϕH2(grr)2∂gϕϕ
∂r
+ 2g3tϕHΩ˜
∂gϕϕ
∂r
+ gϕϕg
2
tϕΩ˜
2∂gϕϕ
∂r
+ 2gϕϕg
2
tϕHΩ˜
2∂gϕϕ
∂r
− 2fg2ϕϕHgrrΩ˜2
∂gϕϕ
∂r
− g3ϕϕΩ˜4
∂gϕϕ
∂r
− 2fgϕϕgtϕH2grr∂gtϕ
∂r
− 2gϕϕg2tϕHΩ˜
∂gtϕ
∂r
− 2fg2ϕϕHgrrΩ˜
∂gtϕ
∂r
− 2g2ϕϕgtϕΩ˜2
∂gtϕ
∂r
− 2g2ϕϕgtϕHΩ˜2
∂gtϕ
∂r
− 2g3ϕϕΩ˜3
∂gtϕ
∂r
+ fgϕϕg
2
tϕH
2∂g
rr
∂r
+ 2fg2ϕϕgtϕHΩ˜
∂grr
∂r
+ fg3ϕϕΩ˜
2∂g
rr
∂r
)
/(2f 2g3ϕϕH
2(grr)3/2),
Ktθ2 =
[
(−fHgrr)1/2
(
2g2ϕϕg
2
tϕg
rr∂f
∂θ
− 2g2ϕϕg2tϕHgrr
∂f
∂θ
− fg3ϕϕ(grr)2
∂f
∂θ
+ fg3ϕϕH(g
rr)2
∂f
∂θ
+ 2g3ϕϕgtϕg
rrΩ˜
∂f
∂θ
− 2g3ϕϕgtϕHgrrΩ˜
∂f
∂θ
+ 2g4tϕ
∂gϕϕ
∂θ
− fgϕϕg2tϕgrr
∂gϕϕ
∂θ
− fgϕϕg2tϕHgrr
∂gϕϕ
∂θ
+ 4gϕϕg
3
tϕΩ˜
∂gϕϕ
∂θ
− (2 +H)fg2ϕϕgtϕgrrΩ˜
∂gϕϕ
∂θ
+ 2g2ϕϕg
2
tϕΩ˜
2∂gϕϕ
∂θ
− fg3ϕϕgrrΩ˜2
∂gϕϕ
∂θ
− 2gϕϕg3tϕ
∂gtϕ
∂θ
+ fg2ϕϕgtϕHg
rr∂gtϕ
∂θ
− 4g2ϕϕg2tϕΩ˜
∂gtϕ
∂θ
+ fg3ϕϕHg
rrΩ˜
∂gtϕ
∂θ
− 2g3ϕϕgtϕΩ˜2
∂gtϕ
∂θ
+ 2fg2ϕϕg
2
tϕ
∂grr
∂θ
− 2fg2ϕϕg2tϕH
∂grr
∂θ
− f 2g3ϕϕgrr
∂grr
∂θ
+ f 2g3ϕϕHg
rr∂g
rr
∂θ
+ 2(1−H)fg3ϕϕgtϕΩ˜
∂grr
∂θ
)]
/
(
2f 2gθθg
2
ϕϕH(g
rr)2(g2tϕ
− fgϕϕgrr + gϕϕgtϕΩ˜ + gϕϕgtϕΩ˜ + g2ϕϕΩ˜Ω˜)
)
,
Kϕθ2 =
[
(−fHgrr)1/2
(
− 2gϕϕg3tϕHgrr
∂f
∂θ
+ fg2ϕϕgtϕH(g
rr)2
∂f
∂θ
− 2g2ϕϕg2tϕgrrΩ˜
∂f
∂θ
− 2g2ϕϕg2tϕHgrrΩ˜
∂f
∂θ
+ fg3ϕϕ(g
rr)2Ω˜
∂f
∂θ
− 2g3ϕϕgtϕgrrΩ˜2
∂f
∂θ
− 3fg3tϕHgrr
∂gϕϕ
∂θ
+ 2f 2gϕϕgtϕH(g
rr)2
∂gϕϕ
∂θ
− 2g4tϕΩ˜
∂gϕϕ
∂θ
+ f(1− 3H)gϕϕg2tϕgrrΩ˜
∂gϕϕ
∂θ
+ f 2g2ϕϕH(g
rr)2Ω˜
∂gϕϕ
∂θ
− 4gϕϕg3tϕΩ˜2
∂gϕϕ
∂θ
+ 2fg2ϕϕgtϕg
rrΩ˜2
∂gϕϕ
∂θ
+ fg3ϕϕg
rrΩ˜3
∂gϕϕ
∂θ
+ 3fgϕϕg
2
tϕHg
rr∂gtϕ
∂θ
− f 2g2ϕϕH(grr)2
∂gtϕ
∂θ
+ 2gϕϕg
3
tϕΩ˜
∂gtϕ
∂θ
+ 3fg2ϕϕgtϕHg
rrΩ˜
∂gtϕ
∂θ
+ 4g2ϕϕg
2
tϕΩ˜
2∂gtϕ
∂θ
+ 2g3ϕϕgtϕΩ˜
3∂gtϕ
∂θ
− 2fgϕϕg3tϕH
∂grr
∂θ
+ f 2g2ϕϕgtϕHg
rr∂g
rr
∂θ
− 2fg2ϕϕg2tϕΩ˜
∂grr
∂θ
− 2fg2ϕϕg2tϕHΩ˜
∂grr
∂θ
+ f 2g3ϕϕg
rrΩ˜
∂grr
∂θ
− 2fg3ϕϕgtϕΩ˜2
∂grr
∂θ
− 2g2ϕϕg2tϕΩ˜3
∂gϕϕ
∂θ
)]
/
(
2f 2gθθg
2
ϕϕH(g
rr)2(−g2tϕ − g2ϕϕΩ˜2
16
− gϕϕgtϕΩ˜ + fgϕϕgrr
)
. (B5)
The trace of the extrinsic curvature ka = gµνkaµν are
K1 =
1
2f 2gθθg3ϕϕH
2(grr)3/2
(
gθθg
2
ϕϕg
2
tϕg
rr∂f
∂r
− f(1−H)2gθθg3ϕϕ(grr)2
∂f
∂r
+ 2gθθg
3
ϕϕgtϕg
rrΩ˜
∂f
∂r
+ gθθg
4
ϕϕg
rrΩ˜2
∂f
∂r
− f 2g3ϕϕH2(grr)2
∂gθθ
∂r
+ gθθg
4
tϕ
∂gϕϕ
∂r
− f(1− 2H)gθθgϕϕg2tϕgrr
∂gϕϕ
∂r
− f 2gθθg2ϕϕH2(grr)2
∂gϕϕ
∂r
+ 2gθθgϕϕg
3
tϕΩ˜
∂gϕϕ
∂r
+ f(1− 2H)gθθg3ϕϕgrrΩ˜2
∂gϕϕ
∂r
− 2gθθg3ϕϕgtϕΩ˜3
∂gϕϕ
∂r
− gθθg4ϕϕΩ˜4
∂gϕϕ
∂r
− 2gθθgϕϕg3tϕ
∂gtϕ
∂r
+ 2f(1− 2H)gθθg2ϕϕgtϕgrr
∂gtϕ
∂r
− 6gθθg2ϕϕg2tϕΩ˜
∂gtϕ
∂r
+ 2f(1− 2H)gθθg3ϕϕgrrΩ˜
∂gtϕ
∂r
− 6gθθg3ϕϕgtϕΩ˜2
∂gtϕ
∂r
− 2gθθg4ϕϕΩ˜3
∂gtϕ
∂r
+ fgθθg
2
ϕϕg
2
tϕ
∂grr
∂r
− f 2gθθg3ϕϕgrr
∂grr
∂r
+ 2f 2gθθg
3
ϕϕHg
rr∂g
rr
∂r
− f 2gθθg3ϕϕH2grr
∂grr
∂r
+ 2fgθθg
3
ϕϕgtϕΩ˜
∂grr
∂r
+ fgθθg
4
ϕϕΩ˜
2∂g
rr
∂r
)
,
K2 = 0. (B6)
All quantities listed by Eqs. (B3), (B4), (B5), (B5), and (B6) are equal to zero ( they are
proportional to
√
grr near the event horizon) on the event horizon. Consequently, on the
event horizon, we obtain
KaKa = 0,
tr(K.K) = KaµνK
µν
a = 0. (B7)
which show that the quadratic combinations of the extrinsic curvature are zero on the event
horizon when we use the vectors (A2). The calculation for the Kerr-Newman and Einstein-
Maxwell dilaton-axion black holes in Refs. [11] [33] supported the result.
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